We investigate left k-Noetherian and left k-Artinian semirings. We characterize such semirings using i-injective semimodules. We prove in particular, a partial version of the celebrated Bass-Papp Theorem for semiring. We illustrate our main results by examples and counter examples.
Introduction
Descending Chain Condition, generalize simultaneously finite rings and rings that are finitedimensional vector spaces over fields. Several properties of left (right) modules are valid only over rings with the ACC or the DCC. Some of these properties characterize such rings, e.g. the closure of the class of left (right) injective modules under arbitrary direct sums characterizes left (right) Noetherian rings [Rot2009, 3.39] , and a ring R is left (right) Artinian if and only if every finitely generated left (right) R-module is finitely cogenerated [Wis1991, 31.4] .
A left (right) ideal I of a semiring S is called a k-ideal, iff I ≤ S S is subtractive [Hen1958] (equivalently, I = Ker(S π I −→ S/I), where π I is the canonical projection). In this paper, we consider the so called left k-Noetherian semirings (left k-Artinian semirings), whose lattice of subtractive left ideals satisfies the ACC (DCC). We generalize several results known for left Noetherian (left Artinian) rings to left k-Noetherian (left k-Artinian) semirings.
The paper is divided into two sections.
In Section 1, we collect the basic definitions, examples and preliminaries used in this paper. In particular, we recall the definitions and basic properties of exact sequences introduced by the first author Abuhlail [Abu2014] .
In Section 2, we investigate left k-Noetherian (resp., left k-Artinian) semirings, i.e. semirings satisfying the ACC (resp., the DCC) on left k-ideals. In Example 2.10, we show that S := M 2 (R + ) is left k-Noetherian but not left Noetherian, and is left k-Artinian but not left Artinian. In Theorem 2.13, we show that if every subtractive left ideal of a semiring S is a direct summand, then S is left k-Artinian and left k-Noetherian. In Theorem 2.19, we provide a partial version of the celebrated Bass-Papp Theorem for semirings: we show that if S is a semiring with enough left S-i-injective semimodules and every direct sum of S-i-injective left S-semimodules is S-iinjective, then S is left k-Noetherian.
Preliminaries
In this section, we provide the basic definitions and preliminaries used in this work. Any notions from the theory of semirings and semimodules that are not defined here can be found in our main reference [Gol1999] . We refer to [Wis1991] for the foundations of the theory of module and rings. • If the monoid (S, ·, 1) is commutative, we say that S is a commutative semiring.
• We say that the semiring S is additively idempotent, iff s + s = s for every s ∈ S.
• The set of cancellative elements of a left S-semimodules M is defined as
We say that M is a cancellative semimodule, iff K + (M) = M.
• Every ring is a cancellative semiring.
• Any distributive bounded lattice L = (L, ∨, 1, ∧, 0) is a additively idempotent commutative semiring.
• The set (Z + , +, 0, ·, 1) (resp. (Q + , +, 0, ·, 1), (Q + , +, 0, ·, 1)) of non-negative integers (resp. non-negative rational numbers, non-negative real numbers) is a cancellative commutative semiring which is not a ring.
• M n (S), the set of all n × n matrices over a semiring S, is a semiring.
• B := {0, 1} with 1 + 1 = 1, is a an additively idempotent commutative semiring called the Boolean semiring.
• The max-plus algebra R max,+ := (R ∪ {−∞}, max, −∞, +, 0) is a semiring.
• The log algebra (R ∪ {−∞, ∞}, ⊕, ∞, +, 0) is a semiring, where
where B(n, i) = {0, 1, 2, · · · , n − 1} and
Then B(n, i) is a semiring. Notice that B(n, 0) = Z n (a group) and that B(2, 1) = B (the Boolean Algebra). 
One can easily check that [Hen1958] . We say that S is a left subtractive (right subtractive) semiring, iff every left (right) ideal of S is subtractive. We say that S is a subtractive semiring, iff S is both left and right subtractive. Following [BHJK2001], we use the following definitions.
1.9. (cf., [AHS2004] ) The category S SM of left semimodules over a semiring S is a variety in the sense of Universal Algebra (closed under homomorphic images, subobjects and arbitrary products). Whence S SM is complete, i.e. has all limits (e.g., direct products, equalizers, kernels, pullbacks, inverse limits) and cocomplete, i.e. has all colimits (e.g., direct coproducts, coequalizers, cokernels, pushouts, direct colimits). 
Exact Sequences
Throughout, (S, +, 0, ·, 1) is a semiring and, unless otherwise explicitly mentioned, an S-module is a left S-semimodule.
There are several notions of exactness for sequences of semimodules. In this paper, we use the relatively new notion of exactness introduced by Abuhlail [Abu2014, 2.4] which is stronger than that in the sense of [Tak1982a] .
1.13. We call a (possibly infinite) sequence of S-semimodules
exact, iff each partial sequence with three terms M j
Noetherian and Artinian Semirings
As before, (S, +, 0, ·, 1) is a semiring and, unless otherwise explicitly mentioned, an S-semimodule is a left S-semimodule.
Definition 2.1. A left S-semimodule M is
Noetherian (resp., k-Noetherian), iff M satisfies the ACC on its S-subsemimodules (resp., subtractive S-subsemimodules).
Artinian (resp., k-Artinian), iff M satisfies the DCC on its S-subsemimodules (resp., subtractive S-subsemimodules).
The corresponding notions for right S-semimodules are defined analogously.
The following result is an easy observation; however, we highlight it as it will be used frequently in the proofs of the main results.
Lemma 2.3. Let M be an S-semimodule and N a subtractive S-subsemimodules of
Example 2.4. Let S := M 2 (R + ). Consider the left ideals
and the left ideal
Then we have
Notice that N ≥1 ≤ S S is not subtractive, whence the condition that N is a subtractive subsemimodule of M in Lemma 2.3 cannot be dropped.
Definition 2.5. Let S be a semiring, M be a left S-semimodule and
Lemma 2.6. If M is a k-Noetherian left S-semimodule, then every non-zero subsemimodule of M contains a maximal subtractive S-subsemimodule.
Proof. Let N ≤ S S be a non-zero subsemimodule and consider
If no such maximal subsemimodule of N exists, we obtain a non-terminating strictly ascending chain
Definition 2.7. The semiring S is left Noetherian (resp., left k-Noetherian), iff S S is Noetherian (resp., left k-Noetherian), equivalently every ascending chain condition of left (resp., subtractive left) ideals of S terminates; left Artinian (resp., left k-Artinian), iff S S is Artinian (resp., left k-Artinian), equivalently every descending chain of left (resp., subtractive left) ideals of S terminates.
The right (k-)Noetherian and right (k-)Artinian semirings are defined analogously. A semiring which is both left and right (k-)Noetherian is called (k-)Noetherian, and a semiring which is both left and right (k-)Artinian is called (k-)Artinian. 
Proof. We prove this technical lemma is three steps.
Step I: E 1 , E 2 and N r (r ∈ R + \{0}) are subtractive left ideals of S.
Moreover, E 1 is subtractive since
implies q = 0 = s and p q r s ∈ E 1 . Similarly, E 2 is a subtractive left ideal of S.
For any nonzero
Moreover, N r ≤ S is subtractive since
Step II: E 1 , E 2 and N r (r ∈ R + \{0}) are subtractive left ideals of S.
Let I be a subtractive left ideal of M 2 (R + Then k + p = rℓ for some p ∈ R + \{0}. Thus p 0 q 0 ∈ I or p 0 0 q ∈ I for some q ∈ R + as
Thus
Either way we have 1 0 0 0 ∈ I, whence E 1 I and I = S.
Step III: E 1 , E 2 and N r (r ∈ R + \{0}) are the only subtractive left ideals of S. 
We provide an example of a semiring which is left k-Artinian and left k-Noetherian but neither left Artinian (nor left Noetherian):
Example 2.10. Let S = M 2 (R + ). By Lemma 2.9, the only subtractive left ideals of S are 0, S, E 1 , E 2 and N r (r ∈ R + \{0}). Notice that for r = s, the left ideals N r , N s are not comparable. Thus, the longest ascending (descending) chain of subtractive left ideals of S is 0 N S (S N 0) with N = E 2 or N = N r for some r ∈ R + . Whence, S is left k-Artinian and left k-Noetherian.
On the other hand, for every r ∈ R + we have a left ideal of S given by
Thus, we have an infinite strictly descending chain of left ideal that does not terminate
i.e. S is not k-Artinian. On the other hand, we have an infinite ascending chain of left ideals that does not terminate
An additional example of a k-Noetherian semiring that is not Noetherian was communicated to Abuhlail by T. Nam: We do not know whether k-Artinian semirings are k-Noetherian. However, we have the following interesting result.
Lemma 2.12. A left S-semimodule M satisfies the ACC on direct summands if and only if M satisfies the DCC on direct summands.
Proof. (=⇒) Assume that M satisfies the ACC on direct summands. Let
be a descending chain of direct summands of M. For every i ∈ N, there exists a direct sum-
we have by (taking into consideration Remark 2.2):
Continuing this way, we obtain an ascending chain
of direct summands of S M. By our assumption, the ascending chain (5) terminates, whence there exists t ∈ N such that
thus the descending chain (4) terminates.
(⇐=) Assume that M satisfies the DCC on direct summands. Let
be an ascending chain of direct summands of M. For every i ∈ N, there exists an S-subsemimodule N 2 ) ).
Continuing this process, we obtain a descending chain
By our assumption, the descending chain (7) terminates, i.e. there exists some k ∈ N such that
Thus the ascending chain (6) terminates.
A ring in which every left ideal is a direct summand is left Artinian and left Noetherian [Wis1991, 3.4 and 4.1] (in fact, left semisimple). The following result extends this fact to semirings.
Theorem 2.13. If every subtractive left ideal of S is a direct summand, then S is left k-Artinian and left k-Noetherian.
Proof. Assume that every subtractive left ideal of S is a direct summand.
Claim I: S is left k-Artinian. Suppose that
is a strictly descending chain of left subtractive ideals of S that does not terminate. For every k ∈ N, there exists, by our assumption, some left ideal N k ≤ S S such that S = I k ⊕ N k . The left ideals I k , N k are non-zero as the chain does not terminate, and are subtractive by Remark 2.2.
Since I 1 ⊇ I 2 and S = I 2 ⊕ N 2 , we have
Then J 1 := I 1 ∩ N 2 is a subtractive left ideal of S, which is non-zero as I 1 I 2 , and I 1 = I 2 ⊕ J 1 .
Since I 2 ⊇ I 3 and S = I 3 ⊕ N 3 , we have
Then I 2 ∩ N 3 is a subtractive left ideal of S, which is non-zero as I 2 I 3 , and
Continuing this process, we obtain at the kth step, a non-zero subtractive left ideal
is subtractive (by Remark 2.2). One can easily show that J := i∈N J ′ i is subtractive. By our assumption, S = J ⊕ N for some left ideal of N ≤ S S. Thus 1 S = j + n for some j ∈ J and n ∈ N. Since j ∈ J ′ i for some i ∈ N, it can be written in a unique way as j = j 1 + j 2 + ...
this means that the sum J i+1 + K is direct. For any s i+1 ∈ J i+1 \{0}, we have
where s i+1 j k ∈ J k for k = 1, 2, ..., i and s i+1 n ∈ N. It follows that s i+1 ∈ J i+1 ∩ K = 0, absurd since s i+1 = 0. So, the descending chain (8) terminates.
Claim II: S is left k-Noetherian.
be an ascending chain of subtractive left ideals of S. Since every direct summand of S S is subtractive (by Remark 2.2), it follows from the proof of Claim I that S S satisfies DCC on direct summands, whence S S satisfies ACC on direct summands by Lemma 2.12. Since (9) is an ascending chain of subtractive left ideals of S, whence of direct summands of S S (by our assumption), the chain terminates.
Example 2.14. Let p be a prime number. Every subtractive ideal of the semiring S = B(p + 1, p) is a direct summand, and S is k-Artinian and k-Noetherian.
Proof. S has no non-trivial subtractive ideals, thus every subtractive left ideal of S is a direct summand. Notice that S is k-Artinian and k-Noetherian since it has finitely many elements.
Example 2.15. Let S := B N with the canonical structure of a semiring induced by that on B.
Then S has a subtractive left ideal which is not a direct summand and S is neither k-Artinian nor k-Noetherian.
Proof. The subtractive left ideal n∈N B is not a direct summand. Notice that neither the ascending
nor the descending chain
terminates, thus S is neither k-Noetherian nor k-Artinian. 
We say that I is injective (resp. i-injective, e-injective), iff I is M-injective (resp. M-iinjective, M-e-injective) for every left S-semimodule M.
A Bass-Papp Theorem for Semirings
The celebrated Bass-Papp Theorem states that a ring R is left (right) Noetherian if and only if every direct sum of left (right) injective R-modules is (R-)injective (e.g., [Rot2009, 3.39 Notice that the assumptions in Proposition 2.17 force the semiring S to be a ring. In what follows we provide a partial version of the Bass-Papp characterization for left k-Noetherian semirings.
2.18. We say that a semiring S has enough S-i-injective left semimodules, iff every left Ssemimodule can be embedded into an S-i-injective left S-semimodule. Notice that ϕ is well defined as each x ∈ L belongs to L n for some n ∈ N and so ϕ k (x) = 0 for all
Theorem 2.19. Let S be a semiring with enough left S-i-injective left semimodules. If every direct sum of left S-i-injective S-semimodules is S-i-injective, then S is left k-
By our assumption, J is S-i-injective and so there exists an S-linear map ψ : S −→ J such that ψ • ι = ϕ. 
